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1. Introduction 

In the present paper we give explicit upper bounds for the number of 
equivalence classes of binary forms of given degree and discriminant, and 
for the number of equivalence classes of irreducible binary forms with given 
invariant order. 

Two binary forms F,Ge Z[X, Y] are called equivalent if there is a matrix 
e GL 2 (Z) such that G(X,Y) = F(aX + bY, cX + dY). Denote by 
D(F) the discriminant of a binary form F, and by Op the invariant order 
of an irreducible binary form F. We recall the definition of the invariant 
order of F which is less familiar. Write F(X, Y) = aoX r + aiX r_1 Y~ + 
■ • ■ + a r Y r and let 9p be a zero of F(X, 1). Then Op is defined to be 
the Z-module with basis 1, a 9p, a 9 F + a\9p, a 9 F + ai9 F + a 2 9p,. . ., 
a o#F -1 + a i@F~ 2 + ■ • ■ + flr- 2#f; this is indeed an order, i.e., closed under 
multiplication. It is well-known that two equivalent binary forms have the 
same discriminant. Further, two equivalent irreducible binary forms have 
the same invariant order. The discriminant D(Op) of Op is equal to D(F) 
(see [8], [9] for a verification of these facts). Consequently, if K = 
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then D(F) = c 2 D K , where D K is the discriminant of K and c = [Ok '■ Op] 
is the index of Op in the ring of integers Ok of K. 

By classical results of Lagrange, Gauss (r = 2) and Hermite (r = 3), the 
binary forms F G Z[X, Y] of degree r < 3 with a given discriminant D^O 
lie in finitely many equivalence classes, and these classes can be effectively 
determined. This finiteness theorem was generalized for the case r > 4 
by Birch and Merriman [2] in an ineffective form, and later by Evertse 
and Gyory [5] in an effective form. Moreover, the theorem remains true 
without fixing the degree r; see [7]. An immediate consequence is that if 
O is a given order of some number field, then the irreducible binary forms 
F E Z[X, Y] with Of = O lie in finitely many equivalence classes. From a 
result of Delone and Faddeev [3, Chap. II, §15] it follows that for each cubic 
order O there is precisely one equivalence class of irreducible binary cubic 
forms F G Z[X, Y] such that O f = O. For degree larger than 3 this is no 
longer true: Simon [9] gave examples of number fields K of degree 4 and of 
arbitrarily large degree whose ring of integers Ok can not be represented 
as Of for any irreducible binary form F. 

In the present paper, we prove the following results: 

1) Let O be an order whose quotient field has degree r > 4 over Q. Then 
the irreducible binary forms F G Z[X, Y\ with Of — O lie in at most 2 24r3 
equivalence classes. 

2) Let K be an algebraic number field of degree r > 3 and let c be a 
positive integer. Then for every e > the set of irreducible binary forms 
F G Z[X, Y] such that K = Q(9 F ) for some zero 6 F of F(X, 1) and such 
that D(F) = c 2 Dk is contained in the union of at most a(r, e)c r ( r -v 6 
equivalence classes; here a(r,e) depends only on r and e. We show that 
in this upper bound the exponent of c cannot be replaced by a quantity 
smaller than , 2 

ryr— 1) 

More generally, we prove analogues of 1) and 2) for binary forms having 
their coefficients in the ring of S'-integers of a number field. Further, we 
prove a generalization of 2) for reducible binary forms. Our precise results 
are stated in Section 2 (Theorems 2.1, 2.2 and 2.3). Our approach is similar 
to that of Birch and Merriman [2] , with the necessary modifications. In our 
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proofs we use among other things an upper bound by Beukers and Schlick- 
ewei [1, Theorem 1] for the numbers of solutions of the equation x + y = 1 
in unknowns x, y from a multiplicative group of finite rank. 



2. Statements of the results 

Terminology. Before stating our results we introduce the necessary 
terminology. Let F(X, Y) = a X r + a 1 X r ~ 1 y + • • • + a r Y r be a binary 
form. Writing F as 

r 

F(X,Y) = \*[[(a i X-l3 i Y) 

i=i 

we may express the discriminant of F as 

(2.1) D(F) — \ 2r ~ 2 J] (oiPj - a^f . 

l<i<j<r 

This is independent of the choice of A and of the ctj,/3j. It is well-known 
that D(F) is a homogeneous polynomial of degree 2r — 2 in Z[a , . . . ,a r ]. 
For a matrix [/=(«&) we define F V {X,Y) := F(aX + bY,cX + dY). Then 

(2.1) gives 

(2.2) D{F V ) = (det U) r ^D(F). 

Now let R be an integral domain with quotient field of characteristic 0. 

Ft 

Two binary forms F,G E R[X, Y] are called R- equivalent, notation F ~ G, 
if G = F v for some matrix U G GL 2 (-R), i.e., with det U e R*. (If R = Z 
we simply speak about equivalence.) It is then clear from (2.2) that for any 
two binary forms F,G G R[X, Y] we have 

(2.3) G ~ F => .D(C7) = £,D(F) for some e G 

An important invariant of an irreducible binary form F G R[X, Y] is its 
invariant ring or invariant order Op,R (see Simon [9]). By an i?-order of 
degree r (or just an order of degree r if R = Z) we mean an integral domain 
O such that O is an overring of R, the domain O is finitely generated as an 
i?-module, and the quotient field of O has degree r over the quotient field 
of R. 
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The order Op,R (or just O f if R — Z) is defined as follows. Let F = 
aoX r +aiX r ~~ 1 Y + • • -+a r y r be a binary form in Y\ which is irreducible 
over the quotient field of R. Let F be a zero of F(X,1). Then (9f 5 _r is 
defined to be the -R-module with basis 

ui = 1, uj 2 = a 6 F , u 3 = a o F + ai0 F , . . . , 
( 2 - 4 ) _] r _ 2 

We recall some facts proved by Simon [9] about Fj r. First F: r is an 
i?-order of degree r. Second, if G is another binary form in R[X, Y] then 

(2.5) F ~ G ^ = £>G,ii (as .R-algebras). 
Third 

(2.6) D(u 1 ,...,u r ) = D(F). 

Here D(u\, . . . ,u r ) denotes the discriminant of ui, . . . ,u r , that is the de- 
terminant det(Tr(iViUj)i<ij< r ), where Tr denotes the trace map from the 
quotient field of O f ^r to that of R. 

Our results will be established for binary forms having their coefficients 
in the ring of S'-integers of a number field. Therefore we recall some notions 
about such rings. 

Let k be a number field, and {|.|„ : v G M^} be a maximal set of pairwise 
inequivalent absolute values of k. We will refer to as the set of places 
of k. Let S be a finite subset of Mt containing all infinite places of k (i.e., 
the places v such that is archimedean) . Then the ring of S'-integers and 
its unit group, the group of S-units are defined by 

O s = {xEk: \x\ v < 1 for v £ S}, 0* s = {x E k : \x\ v = 1 for v £ S}, 

respectively. 

Two ideals o, b of O s are said to belong to the same ideal class of O s 
if there are non-zero \,fiEO s such that Aa = fib. Denote by h m (Os) 
the number of ideal classes 21 of Os such that 2l m is the class of prin- 
cipal ideals of Os- For a finite extension K of k, let dK/k,s denote the 
relative S-discriminant, i.e., the ideal of Os generated by all discrimi- 
nants Djf/k(wi, . . . , cu r ), where u>i, . . . , cu r runs through all k-bases of K with 
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u>i, . . . , u r integral over Og- The absolute norm of an ideal a of Os is defined 
by N s (a) := #0 5 /a. 

Given an irreducible binary form F G Os[X, Y] we write Of,s f° r its 
invariant order Of,o s - 

New results. Let k, Os be as above. From results of Birch and Mer- 
riman from 1972 [2] (ineffective) and Evertse and Gyory from 1991 [5] (ef- 
fective) it follows that for given r > 2 and D G Os with D^O, the binary 
forms F G Og[X, Y] with degree r and with D(F) G DO* s lie in finitely 
many C^-equivalence classes. Together with (2.6) this implies that for any 
given Os-order O, the binary forms F G Os[X, Y] which are irreducible 
over k and for which Of,s — O lie in finitely many Og-equivalence classes. 
From a result of Evertse and Gyory [4, Thm. 11] it can be deduced that 
for a given O^-order O, the monic binary forms F G Os[X, Y] (i.e., such 
that F(l, 0) = 1) with O f ,s = O lie in at most c(r) s 05-equivalence classes, 
where c(r) depends only on r and where s = #S. Our first result extends 
this to non-monic binary forms. 

Theorem 2.1. Let S C be a finite set of cardinality s, containing all 
infinite places. Let O be an Os-order of degree r > 3. Then there are only 
finitely many Os -equivalence classes of binary forms F G Os[X, Y] such 
that F is irreducible in k[X, Y] and 

(2.7) O f ^s = O (as O s -algebras). 

The number of these classes is bounded above by 

f 2 24r3s ifr is odd, 

(2-8) 3 

[ 2 24r s h 2 (O s ) ifr is even. 

In Section 9 we show that the factor h 2 (Os) is necessary if r is even. 
In the next corollary we state the consequence for Os = Z. Recall that 
in this case k = Q and #5 = I. 

Corollary 2.1. Let O be an order of degree r > 3. Then the number of 
equivalence classes of binary forms F G Z[X, Y] such that F is irreducible 
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in Q[X, Y] and O f = O is at most 

224r 3 

We now state our second result. For an ideal a of Os, denote by a>s(a) 
the number of distinct prime ideals p of Os with p | o (or the number of 
v S such that \x\ v < 1 for every x G a). Further, for an ideal a of Os and 
for a G N, denote by r a (a) the number of tuples of ideals (X>i, . . . , D a ) of Os 
such that their product nf=i ^« divides a. In the theorems below, the ideal 
of Os generated by a is denoted by [a]. 

Given a finite extension K of k, we denote by F{Os, K) the set of binary 
forms F such that F G Os[X,Y], F is irreducible in k[X, Y], and there is 
Qp such that F(9 F , 1) = and K = k(9 F ). By Lemma 4.1 in Section 4, for 
every F G J^iOs, K) there is an ideal c of O s such that 



(2.9) [D{F)\ = c 



2 



>K/k,S- 



Theorem 2.2. Let S be as in Theorem 2.1, and let K be an extension of 
k of degree r > 3. Then for every non-zero ideal c of Os, there are at most 
finitely many Os -equivalence classes of binary forms F G F(Os, K) with 
(2.9). The number of these classes is at most 

( 



(2.10) 2 24r3 ( s+ ^M)-ri r(r _ 1) (c 2 ) 



Ns(*) I •/>(>. Os) 

\T>hr(r-V\ c 



where 

h(r, Os) = 1 if r is odd, h(r, Os) = h 2 (Os) if r is even. 
Here the sum is taken over all ideals d of Os such that c5l r ( r_1 ) divides c. 

We give again the consequence for Os = Z. Given a nonzero integer a, 
denote by a; (a) the number of distinct primes dividing a, and for a G N 
denote by r a (a) the number of tuples of positive integers (d±, . . . , d a ) such 
that Yli=i d% divides a. 

Corollary 2.2. Let K be a number field of degree r > 3, and let c be a 

positive integer. Then the irreducible binary forms F G Z[X,Y], for which 
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If) = K for some zero dp of F(X, 1), and for which 

D(F) = c 2 D K 

lie in at most 



( 



2 24 ^ 1+ ^ c »-Ti r(r _ 1) ( C 2 ) 



\ 



E d 



equivalence classes. 



Theorem 2.2 will be deduced from Theorem 2.1 as follows. Let S' consist 
of the places in S and those places v ^ S such that \x\ v < 1 for every 
x ec. Then if F G F{O s , K) satisfies (2.9), then D(F) ■ O s > = D K /k,s> and 
so Op,s' = Os 1 - Now Theorem 2.1 yields an upper bound for the number 
of Os> -equivalence classes containing the binary forms F G J-{Og, K) with 
(2.9) and from the arguments in Section 4 one obtains an upper bound for 
the number of (^-equivalence classes containing the forms lying in a single 
(^'-equivalence class. 

We state a generalization of Theorem 2.2 for reducible forms. Let Kq, 
K 1: . . .,K t be (not necessarily distinct) finite extensions of k. Denote by 
^{Os-, K , . . . , K t ) the set of binary forms F with the following proper- 
ties: there are binary forms F ,...,F t with F = nLo-^> sucn that ^ e 
Os[X, Y], Fi is irreducible in k[X, Y], and there is a 6 Fi such that F^Of,) = 
and k(9 Fz ) — Ki (i — 0, . . . , t). By Lemma 4.1 in Section 4, for every binary 
form F G F{Os-, K , . . . , K t ) there is an ideal c in Os such that 



(2.11) 



[D(F)] 



2^ 



:,S ■ ■ ■ $K t /k,S- 



Theorem 2.3. Let S be as in Theorems 2.1 and 2.2, and let K , K±, . . . ,K t 
be finite extensions ofk. Putri := [Ki : k] (i — 0, . . . ,t) andr := r^+- ■ -+r t . 
Assume that ro > 3. Then for every non-zero ideal c ofOs there are at most 
finitely many Os- equivalence classes of binary forms F G ^{Os-, Kq, . . . , K t ) 
with (2.11). The number of these classes is at most 

I \ 



(2.12) 2 24r3 ( s+ ^M) •ri r(r _ 1) (c 2 



E N *(*) 



h(r ,O s ) 
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where 



h(r ,O s ) = 1 ifr is odd, h(r ,O s ) = h 2 (O s ) if r is even. 
The consequence of Theorem 2.3 for O s = Z is as follows. 

Corollary 2.3. Let K , . . . , K t be number fields. Put := [Ki : Q] (i — 

0, . . . , t) and r : = r + • • • + r t . Assume that r > 3. Let c be a positive 
integer. Then the binary forms F for which there are irreducible binary 
forms F ,...,F t G Z[X,Y] with F = ULo^ such that K i = Q( e F t ) for 
some zero 6 F . of F^X, 1), and for which 



equivalence classes. 

Unfortunately, our method of proof of Theorem 2.3 requires that we have 
to impose some unnatural technical conditions on the binary forms F under 
consideration, namely that they factor into binary forms Fj with coefficients 
in Os and that F has degree r > 3. If Os is a principal ideal domain (for 
instance when k = Q), then the first condition is no restriction. For in 
that case, if a binary form F G Os[X, Y] is reducible over k its irreducible 
factors can always be chosen from Os[X, Y]. But the latter is not true if 
Os is not a principal ideal domain. 

Allowing these technical conditions, we give a relatively simple proof of 
Theorem 2.3 based on Theorem 2.2 and on a result on resultant equations 
(see Proposition 8.1 in Section 8) which may be of some independent inter- 
est. It may be possible to remove the technical conditions from Theorem 
2.3 at the price of more complications. 



Theorem 2.3 implies that the number of O^-equivalence classes of binary 
forms F G F(O s , K , . . . , K t ) with (2.11) is at most 



D(F) = c 2 D Ko ...D Kt , 



lie in at most 



224r 3 (l+a;(c)) _ 



Ti 



( \ 

■Ir(r-!)(C 2 ) d 



(2.13) 



a(k, S,r ,...,r t ,e)N s (c)r(r-n 



+e 



BINARY FORMS OF GIVEN DEGREE AND GIVEN DISCRIMINANT 9 

for every e > 0, where a depends only on the parameters between the 
parentheses. In Section 9 we will show that the bound (2.13) is almost best 
possible in terms of Ns(t) in the following sense: for each tuple (Kq, . . . , K t ) 
of finite extensions of k, there is a sequence of ideals c of Os with iVg(c) — > 
oo, such that the number of (^-equivalence classes of binary forms F G 
F(O s , K Q ,..., K t ) with (2.11) is at least 

where (3 is a positive constant independent of c. 



3. Preliminaries 

In our proofs it will be necessary to keep track not only of binary forms 
but also of their zeros. To facilitate this, we introduce below so-called 
augmented forms, which are tuples consisting of a binary form and of some 
of their zeros. 

Given a field K, we define P^iT) := K U {oo}. Every matrix A = ( a c b d ) G 
GL 2 (K) induces a projective transformation 

(with the usual rules (a£ + b)/(c£ + d) = oo if c ^ and £ = —d/c; 
(aoo + 6)/(coo + d) = a/c if c ^ and oo if c = 0). Thus, two matrices 
A,B G GL 2 (K) induce the same projective transformation if and only if 
B = XA for some A G K* . 



Now let k be a number field which is fixed henceforth. Let K be a finite 
extension of k. An augmented K-form is a pair F* = (F, 6p) consisting 
of a binary form F which is irreducible in k[X, Y], and 9 F G K such that 
F(6 F , 1) = and k(#p) = K. We agree that k(oo) = k and that for every 
c G k*, (cY, oo) is an augmented k-form. 

Let K , . . . , K t be a sequence of finite extensions of k. An augmented 
(K , . . . , K t )-form is a tuple F* = (F, # ,f, • • • , 0t,F) with the property that 
there are binary forms F , . . . , F t , such that F = flLo anc ^ (-^' ^.^) ^ s 
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an augmented Kj-form for % = 0, . . . , t. We define the discriminant and 
degree of F* by D(F*) := D(F), degF* := degF, respectively. Notice that 
degF* = J2l [K l :k]. 

For an augmented (K , . . . , K t )-foTm F* = (F, 9o,f, • • • , @t,F) and for A G 
GL 2 (k), A G k* we define 

(3.1) XF* A := (XF A , (A)" 1 V, • • • , (A)- 1 8 t , F ). 

Clearly, XF A is again an augmented (K , . . . , i^)-form. Notice that if G* = 
XFX then F* = A _1 G^_i; further if G* = AF|, #* = ^ for some A, B G 
GL 2 (k), A, /i G k* then /J* = XpF\ B . 

Let i? be a subring of k. Two augmented (i^ , • • • , K t )-iorms F*, G* are 

Ft 

called R- equivalent, notation F* ~ G*, if G* = F^ for some U G GL 2 (i?), 
and weakly R- equivalent, notation F* ss G*, if G* = AF^ for some [/ G 
GL 2 (i?) and A G 
Let 



M™(R) = {[ \ :a,b,c,deR, det 





R 

Then for two augmented (K , . . . , K t )-forms F*,G* we write F* -< G* if 
G* = FX for some A G M° s (i?). 

In the Lemma below we have collected some simple facts. 

Lemma 3.1. Let r := Y^i=o[^i : k] > 3 and let R be a subring oft. 

(i) Let F* be an augmented (K , . . . , K t )-form, U G GL 2 (k) and A G k*. 
Then XF* = F* if and only if U = p( J °) with p G k* and p r = A -1 . 

(ii) Let F*,G* be two augmented (K , K t )- forms and suppose that 
G* = X Fu Q for some U G GL 2 (k), A G k*. Then for any other U G 
GL 2 (k) ; A G k* we have G* = XFf) if and only if U = pUo with p G k* and 
P r = A /A. 

(iii) Let F* , G* , H* be augmented (K , . . . , K t )-forms such that F* -< G* , 
G* 5 H*. Then F* 5 H* . 

(iv) Let F* , G* be two augmented (K , . . . , K t )-forms. Then 

R R n 

F*^G*, G* -< F* -<=^ F*rZG*. 
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Proof, (i) Let F* = (F, 6 , F , . . . , 6 t , F ). For i = 0, . . . , t, put r, := [K t : k] 
and denote by 6f F , . . . , ofp the conjugates of over k (if Q i F = oo, 
then Fj = k, Tj = 1 and 0^ = oo). By assumption, {U)" l 9i t p = @i,F for 
% = 0, . . . , * and therefore, (£/) _1 0^ = 0$ for i = 0, . . . , t, j = 1, . . . , n. 
Thus, (U) has X)i=o[-^» : k] = r > 3 fixpoints. It follows that (U) is the 
identity on P 1 , hence U = p(o ?) with p G k*. Now since AFj/ = F, we 
have F(X,F) = AF(pX,pF) = Xp r F(X,Y), hence p r = A -1 . Conversely, 
if U = p{l ?) with p r = A~ x , then clearly, AF^ = F*. 

(ii) Let G* = AF*. Then (AoA^F*^ = F*. Apply (i). 

(hi) Obvious. 

/x R R 

(iv) -<= is clear. Assume F* -< G*, G* -< F*. Then there are A, B G 
M 2 1S (F) such that G* = FjJ, F* = G^. Thus F* = FjJ B . Hence by (i), 
AB = p( 1 ° 1 ) with p r = 1. Now p G R and A" 1 = p~ x B = p r ~ x B G M° S (F). 
So A G GL 2 (F) and F* ~ G*. □ 

Let again 5 be a finite subset of M k containing all infinite places. For 
v £ S (i.e. v G M k \ S) define the local ring O v = {x G k : < 1}. 
We need a few probably well-known local-to-global results, relating (weak) 
C„-equivalence of augmented forms for v G" S to Cs-equivalence. We have 
inserted the proofs for lack of a good reference. 

Lemma 3.2. Let F*,G* be two augmented (K , K t ) -forms such that 
F* , G* are O v -equivalent for every v G" S. Then F* , G* are Os-equivalent. 

Proof By assumption, for every v ^ S there is [/„ G GL 2 (C\,) such that 
G* = F^. By Lemma 3.1, (ii) for v G" S we have U v = p v U where U is one 
of the matrices U v (v G" S), and p v G k*, p r v — 1. Then clearly, G* = F^ o 
and C/q G GL 2 (Cg for v S, so U G GL 2 (C S ). Lemma 3.2 follows. □ 

The following result is more involved. 

Lemma 3.3. Let C* be a collection of augmented (K , . . . , K t ) -forms such 
that for every pair F*,G* G C* we have that F*, G* are weakly O v - equivalent 
for every v G" S . Let s := #S. Then C* is contained in the union of at most 
r s Os- equivalence classes if r is odd, and in the union of at most r s h,2{Os) 
Os- equivalence classes if r is even. 
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Before proving Lemma 3.3 we make some preparations. 

If R is a domain with quotient field K, then by a fractional i?-ideal, we 
mean a subset a 7^ {0} of K such that Xa is an ideal of R for some A G K*. 
For v S, denote by p v the prime ideal of Os corresponding to v, i.e., 
p v = {x G Os '■ \x\ v < 1}, and by ord„ the discrete valuation corresponding 

to v. Thus, [x] = Uv?sP° rdvix) for x G r - 

Let F*, G* G C*. Thus, for every v G" S there are U v G GL 2 (C„), A„ G C* 
such that G* = X v F^ v . Choose any U G GL 2 (k), A G k* such that G* = 
\Fy. Then by (ii) of Lemma 3.1, for each v £ S there is a p v G k* such 
that 

(3.2) U v = p v U, X v = p- r X. 
Define the O^-fractional ideal 

(3.3) a(F*,G*):=Y[p°J d ^ M . 

This is well-defined, since for all but finitely many v G" S we have A G 0*, 
whence p v G 0*, whence ord v (p v ) = 0. Let G*) denote the ideal class 

of a{F*, G*), that is, {p ■ a(F% G*) : p G k*}. 

The fractional ideal a(F*, G*) depends on the particular choice of U v , X v 
(v G" S), U, A, but its ideal class %L(F*,G*) does not. Indeed, for v G" 5, 
choose C/^ G GL 2 (0„), A^ G 0* such that G* = X^F^, and then choose 
U' G GL 2 (k) and A' G k* such that G* = X'F*,. By "(ii) of Lemma 3.1 
there are p' v G k* such that U' v = p' v U', X' v = p' v ~ r X' for v £ S. This 
gives rise to a fractional ideal a'(F*, G*) = Yl v ^ s p° rd " W) '. Again by (ii) of 
Lemma 3.1, there is p G k* such that U' = pU and A' = p~ r X. This implies 
for v G" 5 that = p' v pp~ 1 U v , hence p' v pp~ l G 0*, and so ord„(p^,) = 
ord„(p^) - ord„(/x). Therefore, a'(F*, G*) = p _1 a(F*, G*). 

Lemma 3.4. (i) Let F*,G* G C* . Then %(F*,G*) gcd ( r > 2) is the principal 
ideal class. 

(ii) Let F*,G* G C* and suppose that %l(F*,G*) is the principal ideal 
class. Then F* , G* are weakly Os- equivalent. 

(iii) Let F*,G*,H* eC*. Then Qi(F*, H*) = 2l(F*, G*) ■ 2l(G*, H*) . 
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Proof, (i) According to (3.2) we have for v # S, that 

ord v (p 2 v ) = ord„(det U v (det U)' 1 ) = ord,,((det U)' 1 , 
ord v (p r v ) = ord^AA" 1 ) = ord 1) (A) , 

and so according to (3.3), a(F*,G*) 2 = [detU]- 1 and a(F*,G*) r = [A], 
where [a] denotes the (^-fractional ideal generated by a. This implies (i). 

(ii) Let a(F*,G*) be given by (3.2), (3.3). Then by our assumption, 
a(F*,G*) = [p] with p G k*. This implies pp^ 1 G £>* for v G" S. Put 
V := plf, p := p~ r U. Then G* = pFy. Further, by (3.2), we have for 
v G" S, that U v = p v p~ x V ', X v = (p v p~ l )~ r p, which implies V G GL 2 (O v ) 
and p G O*. Hence V G GL 2 (O s ) and p G 0* s . Our assertion (ii) follows. 

(iii) Straightforward computation. □ 

Proof of Lemma 3.3. Fix F* G C*. We subdivide C* into classes such that 
two augmented forms G\, G* 2 G C* are in the same class if and only if their 
corresponding ideal classes 2l(F*, G\), 2l(F*, G%) coincide. Let F*, . . . , F£ 
be a full system of representatives for these classes. Notice that by (i) of 
Lemma 3.4, we have h < 1 if r is odd, and h < /^(C^s) if t is even. 

Fix % G {1, . . . , h} and take any G* from the class represented by F*. 
According to (iii) of Lemma 3.4, we have that is the principal 

ideal class. So by (ii) of Lemma 3.4, there are U G GL 2 (Os) an d £ G 
0* s such that G* = e(F*) v . The group 0* s is the direct product of s = 
#S cyclic groups, with generators e 1 ,...,e s , say. So we may write e = 
£ wi _ _ _ e™ s r] r , with wi, . . . ,w r G {0, . . . , r — 1} and 77 G O^. Consequently, 

It follows that C* falls apart in at most r s h (^-equivalence classes, each 
represented by e^ 1 ■ ■ -e™ a F* for certain w±, . . . , w s G {0, . . . , r — 1}, % G 
{1, . . . , /i}. Lemma 3.3 follows. □ 

4. From ^-equivalence classes to Os-equivalence classes. 

We keep the notation introduced in §§2-3. Let K , . . . , K t be a sequence 
of finite extensions of k. Let C* be a set of augmented (K , . . . , K t )- 
forms which are all k-equivalent to one another, and such that every F* = 
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(F, 9 0:F , . . . , 9 t:F ) G C* satisfies F G O s [X, Y] and (2.11). We will show that 
C* is contained in finitely many (^-equivalence classes and estimate from 
above the number of these classes. We first localize at a place v S, and 
estimate from above the number of (^-equivalence classes containing C*. 
Then we use Lemma 3.2. 

Let v G Mk be a finite place. Denote by O v the local ring of v and by p„ 
the maximal ideal of O v , i.e., 

O v = {x G k : \x\ v < 1}, p v = {x G k : \x\ v < 1}. 

Put Nv := #(a/p«)- 

Given a finite extension L of k, we denote by 0^ )V the integral closure of 
O v in L. The ring Ol, v is a principal ideal domain with finitely many prime 
ideals. Further, it is a free ^-module. The w-discriminant ideal of L/k is 
given by the ideal of O v , 

(4.1) ?>L/k,v — D L / k (ai, . . . , a r ) ■ O v , 

where a±, . . . , a r is any C\,-module basis of Ol^. This does not depend on 
the choice of a±, . . . , a r . 

We will often denote the fractional 0^-ideal generated by ai, . . . , a m by 
[ai, . . . , a m ]; from the context it will always be clear in which field L we 
are working. Given a polynomial / G L[Xi, . . . ,X m ], we denote by [/] the 
fractional O^-ideal generated by the coefficients of /. Then according to 
Gauss' Lemma, 

(4.2) \fg] = \fM for f,geL[X u ...,X m ]. 

Below we need some properties for resultants. The resultant of two binary 
forms F = a ]Yi=i( X ~ a i Y ), G = & l~li=i( X - Pj Y ) is S iven b Y 

r s 

(4.3) R(F,G)^a s b r HH(a i -f3 j ). 

i=l j=l 

The resultant R(F, G) is a polynomial in the coefficients of F and G with 
rational integral coefficients. It is homogeneous of degree s in the coefficients 
of F and homogeneous of degree r in the coefficients of G. For binary forms 
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F 



0, • • • , r t 



Ft we have 



(4.4) 



D(F) = (f[D(F t )) ■ J] R(F t ,Frf. 



i=0 / 0<i<j<t 



Now let K , . . . ,K t be a sequence of finite extensions of k. Denote the 
normal closure over Ik of the compositum Kq . . . K t by L. Put r« := [Ki : k] 

(i = 0, . . . , t) and r := r H h r t . For i = 0, . . . , t let f i-> £^ (j = 

1, . . . , Ti) denote the k-isomorphic embeddings of Ki into L. 

We prove some properties for augmented (K , • • • , ift)-forms. 

Lemma 4.1. (i) Let F* = (F, 9 F , . . . , tiF ) be an augmented (K , . . . , Re- 
form. 

(i) Let v G Mk &e a finite place and suppose F G O v [X, Y]. Then there 
is an ideal c v of O v such that 



(ii) Suppose that F G Os[X, Y]. Then there is an ideal c of Os such that 



Proof, (ii) follows by applying (i) for every v £ S. We prove (i). Since 
O v is a principal ideal domain we may write F = F F 1 . . . F t , where F* = 
(Fi, 6 it p) is an augmented i^-form and Fj G O v [X, Y] for i — 0, . . . , t. In 
view of (4.4) and since R(Fi,Fj) G O v for all i,j, it suffices to show that 
D(Fi) ■ O v = tl^ Ki /t,v for some ideal c Vyi of O v . 

Write Fi(X,Y) = a X r > + a x X r ^ x Y + ■■■ + a r Y r % and put wi = 1, 

^2 = ao^j.F, ^3 = a 9 2 F + ai9 it F, . . . , uj n — oq91' f + ai9^ F H \-a ri - 2 9 i: F- 

Let {ai, . . . , a ri } be an 0„-basis of Ok uV - Then since oui, . . . ,ou ri G Or-^ 
we have u>i = X^liCy^j with G Invoking (2.6) we obtain 

L>(Fj) • £>„ = D^/k^i, • • • , w ri ) • O v 

= det(^ j ) 2 D Kl /k(tti, • • • , Or.) ■ O v = det(Zi j ) 2 Q K .fc v . 
Now Lemma 4.1 follows. □ 

Let again F* = (F, ^ ,f, • • • , 9t,F) be an augmented (K , . . . , i^)-form. 
Henceforth we fix a finite place v G M k and assume that F E O v [X, F] . For 



D(F) -O v = c 2 v 



$K /k,v ■ ■ ■ $K t /k,v ■ 



D{F)-O s = c 2 D Ko/K s--^K t /KS- 
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% — 0, . . . , t, choose a^F, Pi,F such that 

an,F,Pi,F e Ki , v , -£- = 0%,f, [<Xi,F, &,f\ = [1] if 0i,F + oo, 

(4.5) 

a itF E £>*, p i>F = if 6 itF = oo; 

this is possible since Ok u v is a principal ideal domain. We may write 

t n 

(4.6) F = e F J] II^X - ag?V) with e F e O w , e F + 0. 

i=0 j=l 

Indeed, a priori we know only that Bp £ k*. But by Gauss' Lemma we have 
(4-7) [F] = [eF]Uf[[ri:?,4?] = [e F ], 

i=0 j=l 

and thus Bp & O v follows. 

To pass from double to single indices we define a map 

<p: l,-..,r - (0,l),...,(0,r ),... 

' 8 ...,(1,1),..., (1,7-0,..., (t,l),...,(t,r t ), 

meaning that y? maps 1, . . . , r to (0, 1), . . . , (t, r t ), respectively. We define 
the ideals of O l>v : 

for A;, I — 1, . . . , r, A; < I, where <p(k) = (p(l) = (i2,h)- Notice that 

the ideals X>ki(F*) are independent of the choice of (Xi t F,/3i,F in (4-5). By 
(4.6), (2.1), we have 

(4.10) JJ D kl (F*) 2 D[D(F)}. 

l<k<l<r 

Further, if G* is an augmented (K , . . . , lf t )-form which is (9„-equivalent to 
F* then 

(4.11) dki(F*) = X>m(G*) for l<k<l<r. 

The latter can be seen easily by taking U G GL 2 (O v ) such that G* = F£ 
and putting Q G G ) := U^Q*), 8 i>G := (U)-% F for i = 0,...,t. Then 
(4.5), (4.6), (4.9) hold with everywhere G, G* in place of F, F* and we obtain 
D kl {G*) = (detU- 1 ) ■ X) kl (F*) = since det U' 1 E O*. 
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Lemma 4.2. There are ideals dki of 0^ )V independent of F* such that 
(4.12) MF*) C 3 W for 1 < k < I < r, 



(4.13) 



I J f li C Ko/ki „ . . . 



K t /k,v 



Kk<Kr 



Proof. Take i G {0, ...,£} and choose an O^-basis {a^i, . . . , ct itri } of Ok uV - 
Then there is a polynomial ij^/k G CM-^i, • • • , -^rj (the index form of If, /Ik 
with respect to a^i, . . . , «i,rj such that 

/ V - T ■ \ ^ 

n E^S^-E^^ 



l<Ji<j2<rj \m=l 



m=l 



- D Ki / k (a itl , . . . , a^J/^./k^i, . . . , X n ). 



Define the ideal of Ol jV : 



(4.14) 



a- 



V 1 



O 



1 5 • • • 5 a i,r; 



Then by Gauss' Lemma 

( 4 -!5) n b ?ii,i2 ^ [^/k(«i,i ? • • • , a i,n)\ = *Ki/k,v 

l<jl<J2<r-j 

Moreover ^ l >^ — £(^' 2 ) g bj J1J2 for any £ G Ok^v Hence for the numbers 
&i,F,/3i,F chosen in (4.9) we have 

(4-16) 4f$f ~ 4f$f < Kn,n (1 < 3i < h < n). 

Let (p be the map from (4.8). Define by 

Vki = b iduh if tp(k) = <p(l) = (i,j 2 ) 

V H = [1] if (p(k) = (ii, ji), <p(l) = (i 2 , J2) with ^ 7^ i 2 . 

Then (4.12), (4.13) follow at once from (4.16), (4.17), (4.10). □ 



(4.17) 



Let c v = c v (F*) be the ideal from (i) of Lemma 4.1. Define p v (F*) G Z 
by c = p P v v(F * ] . Thus, [.0(F)] = nlo^/M- 



18 



A. BERCZES, J.-H. EVERTSE, AND K. GYORY 



Lemma 4.3. Let p be a non-negative integer. Then as the tuple F* = 
(F, 9 0j p, ■ ■ ■ , @t,F) runs through the collection of augmented (K , . . . , Re- 
forms with 

(4.18) FeO v [X,Y] 

(4.19) Pv(F*)<p, 

the tuple (dki(F*) : 1 < k < I < r) runs through a set of cardinality at most 



(4.20) 



'2p+±r(r- 1) 
\r{r - 1) 

depending only on K , . . . , K t , v, p. 



Proof. We define an action of the Galois group Gal(L/k) on the set of sub- 
scripts {1, . . . , r} as follows. Denote by A the set of all r-tuples (71, ... , 7 r ) 
with the property that there are £ G K , ^ G K ± , . . . , £ t G K t such that 

(.11, ■ ■ ■ ,lr) — (?0 , •••,?0 )•••)?* >•••>?* J- 

Then there is a homomorphism tht* from Gal(L/k) to the permutation 
group of {1, . . . , r}, such that 

(4.21) r(7 fc )=7 T »( fc ) for (71, . . . , 7,.) G A, fc = l,...,r. 

Notice that if </?(&;) = (i, j), then </?(r*(A;)) = (i, /) for some / G {1, . . . ,Tj} 
where y2 is the map given by (4.8). 

For each k, I G {1, . . . , r}, with k < I, we define the subfield L k[ of L by 

(4.22) Gal(L/L w ) = {r G Gal(L/k) : r*({£;, /}) = {Jfe, /}} 

(i.e. r*(/c) = k,T*(l) = I, or r*(fc) = l,r*(l) = k). We partition the set 
of pairs {(k, I) : k,l G {1, . . . , r}, A; < /} into orbits Ci, . . . , C n in such a 
way that (ki,li), (^2,^2) belong to the same orbit if and only if {k2,h} = 
r*({ki,li}) for some r G Gal(L/k). For each m = l,...,n we choose a 
representative (fc m , l m ) of C m . Then if (k, I) runs through C m , the field L k \ 
runs through all conjugates over k of Lk m i m , and so 

(4.23) #C m = [L kmlm : k] for m = 1, . . . , n. 
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Now let F* = (F, 9 0:F , . . . , 9 tiF ) be an augmented (K , . . . , _fQ)-form sat- 
isfying (4.18), (4.19). Define the ideals 

*ki(F*) :=-O kl (F*)Xi 2 (l<k<l<r). 

By Lemma 4.2 we have a M (F*) C LtV , and by (4.9), (4.14), (4.17), the 
ideal a k i(F*) is generated by elements from the field L ki . It is clear that the 
ideals <Xki{F*) determine D k i(F*) (1 < k < I < r) uniquely. 
For brevity put 

L m :=L km i m , a m (F*) := a km i m (F*) (1 L m (m=l,...,n); 

thus a m {F*) is an ideal of C>L m ,v The ideals di(F*), . . . , a n (F*) determine 
^ki(F*) (1 < k < I < r) uniquely. Indeed, they determine the ideals 
a k m i m (F*) (m — 1, . . . , n) of O l ^ v since the latter are generated by elements 
from L m ; and then by taking conjugates over k one obtains all ideals a k i(F*) 
(1 < k < I < r), which, as mentioned before, determine d k i(F*) (1 < k < 
I < r). 

For m = 1, . . . , n let <p mi , . . . , ^3 m <, m be the prime ideals of LmtV . Thus, 

a m (n = < p:r (F * ) ...^z m(F * ) 

where w m i(F*), . . . ,w mgm (F*) are non-negative integers since a m (F*) is an 
ideal of OL m , v - Now the tuple of integers 

w(F*) := (w m , k (F*) : m = 1, . . . , n, k = 1, . . . , g m ) 

determines uniquely the ideals a m (F*) {m = l,...,n), hence the ideals 
D k i(F*) (1 < k < I < r). Therefore it suffices to show that for w(F*) there 
are at most ( 2P i r 2 ^ < l 1 - ) 1 ' ) ) possibilities. 

Now on the one hand we have by (4.10), (4.13), (i) of Lemma 4.1, and 
assumption (4.19), 

l<k<l<r 

2 P 2 v p ■ o L , v , 
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while on the other hand, 

n n 

n Mn=n n Mn^nvwni'^ 

l<fc<Kr m=l (k,l)eC m m=1 

n g m 

m=l fc=l 

n 9m 

m=l h=l 

where is the residue class degree of ?p m h over p„. Therefore, 

n g m 

(4.24) J]^^(n<2p. 

m=l h=l 

Now g> m < [L m : k] < j^C m for m — 1, . . . , n in view of (4.23). Hence the 
number of summands on the left-hand side is at most 

£ = #{(*, : 1 < fc < J < r} = l -r{r - 1). 

m=l 

By elementary combinatorics, the number of tuples of non-negative integers 
w(F*) with (4.24) is at most 

/ 2p+ I r ( r -i)\ 
V \r{r-l) J' 

As observed above, this implies Lemma 4.3. □ 

Let C* be a k-equivalence class of augmented (Kq, . . . , if t ) -forms. Given 
an ideal c v of O v and a tuple of ideals {dki '■ 1 < k < I < r} of Ol >v , let 
C*(c„, {ffcz}) denote the collection of augmented (K , . . . , i^j) -forms F* = 
(F, 6> ,F, • • • , such that 

(4.25) F* e C*; 

(4.26) FeO v [X,Y]; 

(4.27) [D(F)] = • X) Ko/Kv . . . d Kt/Kv ; 

(4.28) d fc ,(F*) = D fe; for fc, Z G {1, . . . , r}, !<£;</< r. 
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Lemma 4.4. Suppose r := ^2l =0 [Ki : k] > 3. Let c v be an ideal of O v 
and {dki : 1 < k < I < r} a collection of ideals from Ol >v such that the set 
C*(c v , {dki}) is not contained in a single O v -equivalence class. Then 

(4.29) c^Cpf^, OjtfCpA,. for 1 < k < I < r, 



and for every F* G C*(c v , {&ki}) there is an H* with 
(4.30) H*°<F*, fl*6(r(p» _irH) t„{rt})- 



Proof. If H* = (H, 8o y H, ■ ■ ■ , @t,H) is an augmented form with H G O v [X, Y], 
then t>ki{H*) (1 < k < I < r) are all ideals of Ol, v , and by (i) of Lemma 
4.1, there is an ideal c' v C O v such that [D{H)\ = ■ Qk /*,v ■ ■ ■ ^>K t /k,v So 
if we have shown that there exists an H* with (4.30), then (4.29) follows 
automatically. 

Let F* G C*(c v ,{d M }). There is a G* G C*(c v: {0 M }) which is not O v - 
equivalent to F*. This means that there is a matrix A G GL 2 (k) with 
A g 1 GL 2 (C„) such that G* = F\. Since 0„ is a principal ideal domain, 
there are matrices U 1: U 2 G GL 2 (C\,) such that 





with 

(4.31) a,5ek*, ^a, |~ ;)^GL 2 (a). 

Put F* := Fir , G* := G* x . Then 

(4.32) G* = F*, 0] . 

\0 5) 

Further, F* % F*, G* ~ G*, so by (4.11), (2.3), 

(4.33) F.^eC^W). 

Clearly, in view of (iv) of Lemma 3.1, it follows that there is an H* with 
(4.30) once we have proved that there is an H* with 

(4.34) H* °< F*, H* G C{p~ Hr ~ 1] c„, {p" 1 ^}) . 
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By (4.33), (4.27), (4.32), (2.2), we have 

[D(F)\ = clf[T) Ki/k , v = [D(G)\ = [aS\*-V[D(F)] , 



i=0 



and together with (4.31) this implies 

(4.35) 6eO v , 5£0* v , a5eO* v . 
Write F* = (F, 6 p, 6 t p). Then by (4.32) we have 

(r= ( i? (sg)'^'---'^M- 

Similarly as in (4.5), choose a^p, fi^p G Ok u v such that OL { pj P { p = 6 i p and 
\ a i,Fi Pi,p\ = [1] ^ Oi,P 7^ °°> an d a i,F e ®*v> Pi,P = if ijF = oo. Likewise, 
choose OL i Q^ i Q G O.^,,, such that c^g//^ = ^ipl a an d [ a iG>PiG\ = [1] 
il6 i p^ oo, and a i q G 0*, q — if ^ p — oo. Then for % — 0, . . . , t there 
is a Aj G if/ such that 

(4.36) (a it a, 00) = Xi{Sa i: p, a^ p) for i = 0, . . . , t. 

Take two pairs (h,ji), {12,32) from : i = 0, . . . , t, j = 1, . . . 

Let k,l & {1, . . . , r} be such that </?(&;) = <£>(/) = (12^2), where y2 is 

the map from (4.8). Then by (4.33), (4.36), (4.35) and again (4.33), 

t, —fAiiji) afah) „,(*2,i2) o(h Jih 



*i *2 v i lt F 1 12, F i 2 , F ' ii, F y 

(*i,ji)ir\(*2,j2)i 



= [A^^][A^]c) 



fc/ 



and so [A^ 1J1 ^][A^ 2J2 ^] = [1]. This holds for any two distinct pairs (ii,ji), 
{12,32) from {(i,j) : i = 0, . . . , t, j = 1, . . . , r*}. Taking any pair (i, j) from 
this set and then any two other pairs (ii,ji), (22, J2) (which is possible since 
by assumption r + • • • + r t = r > 3), we obtain 

r A (i,i)i2 = i A i U A n U A i U A » 2 \ = m 

^ 1 J ^(«l,jl)j|- A (i2J2)j L ^ 

so [Af J) ] = [1] for i = 0, ...,t, j = l,...,r t . Together with (4.36), this 
implies 

[8a i p,a(3 i p} = [l] for i = 0, . . . , t. 
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By (4.35) we have 5 G p v , hence Sa { p G p v Oi tV fori = 0,...,t. This 
implies that 5a t p is divisible by each prime ideal of Ol jV , therefore [af3 i p] = 
[1] for % = 0, . . . , t. Since by (4.35), [a] = [5~ l ] D p~ l we have fop G p v O L)V 
for i — 0, . . . , t. So 

(4.37) (3ff G p v O LtV for i = 0, . . . , t, j = 1, . . . , r { . 

We now construct an H* with (4.34). Choose II with = [II] and take 

Clearly, 

(4.38) H* °A F* . 
Similarly as in (4.6) we may write 

P = e ptlflWt? X - a tP Y> > ^ £ F e ° V - 
i=Q j=l 



Now (4.37) implies that 

H ■= F/n-i = ^flfl^-^ffx - a™Y) G O l , v [X,Y\. 

y o l > i=0i=l 



Since also H G k[X, Y], we have 

(4.39) HeO v [X,Y]. 
Moreover, by (2.2), (4.33), 

(4.40) [D(H)\ = [U- r ^D(F)\ = {p'J^ t v )^ Ko/Kv . . . c) Xt/M . 

Further, we have IJ6 • p = a i p/I\r 1 f3 i p and [a i p ) I\r l f3 i p] = [1] for % = 
0, . . . , t. The latter is true since a i p, II -1 /^ p G Ol jV and [a i p, (5 i p] = [1]. 
So by definition (4.9) and by (4.33) we have for 1 < k < I < r, 

(h,ji)jj-lg{i2,j2) _ 0,(22,^2)77-1^(11^1)1 

11, F 12, F 12 

where <p(h) = (ii,ji),<p(l) = {i*,h). 



(4 41) '- J "■' 
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Now by collecting (4.38), (4.39), (4.40), (4.41) and the obvious fact that 
H* is k-equivalent to F* we infer that indeed H* satisfies (4.34). This 
completes the proof of Lemma 4.4. □ 

Lemma 4.5. Suppose r := Y^l=o[^i : k] > 3. Let c v , {D k i : 1 < k < I < r} 
be as in Lemma 4-4- Suppose that C*(c v , {0 k i}) 7^ 0- Then there is an 
augmented (K , . . . , K t )-form F * = (F , 9 0iFo , . . . , tjFo ) such that 

(4.42) F eO v [X,Y] 
and 

(4.43) F* °A F* for every F* G C*(c v , {d kl }). 
Proof. We claim that there is a non-negative integer % such that 

(4.44) ^Ull], p;^C[l] (l<k<l<r), 

(4.45) C*(p^ r(r ~ l) \ v ,{p-^ki})^^ 

(4.46) C*(p^ r(r - l) \ v ,{p^ kl }) 

is contained in a single (^-equivalence class. 

Indeed, if there is no such integer i, then by inductively applying Lemma 
4.1 it follows that there are arbitrarily large integers % with (4.44), (4.45). 
But there cannot be arbitrarily large % with (4.44). 

Let i be the smallest integer % with (4.44), (4.45), (4.46). Pick 

F* = (F , 6o, Fo , 9 t , Fo ) G C\p-J r{r - 1)H \ V1 {p- l ^ kl }) ■ 

Then F [X,Y] G O v [X,Y}. By Lemma 4.4, for every F* G C*{c v , {Q kl }) 
there is a sequence 

n* ® v n* ® v ® v n* ® v n* 

K -< i? _i -< . . . -< F* -< F* 

with F* G C*(p;^ (r " _1) 'c„{p3 w }) for % = l,...,i„. By (4.46) we have 
F * ~ F/ o and then by (iv) and (iii) of Lemma 3.1, F* °A F*, F * 5 F*. 
This proves Lemma 4.5. □ 
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Lemma 4.6. Suppose r := Yll=o[^i : k] > 3. Let c v be an ideal of O v . Let 
p v be the non-negative integer given by c v = p p v v . Let C* be a k- equivalence 
class of augmented (K , . . . , K t )-forms. Denote by C*(c v ) the collection of 
augmented (K , . . . , K t )-forms F* = (F, # ,f, • • • , Ot,F) in C* satisfying 

(4.47) FeO v [X,Y], 

(4.48) M=cX/M-^/M' 
Then C*(c v ) is the union of at most 



2pv + \r{r - 1 



[2/3„/r(r-l)] 



O v - equivalence classes. 

Proof. By Lemma 4.3, we can express the set C*(c„) as a union of at most 

( 2P iti-i7 1} ) sets C *( c «' {^«}) where 9 « ( X ^ k < 1 ^ r ) are ideals of 

So it suffices to show that for given ideals of O v and Dki (1 < < ^ < r) 

of the set C*(c„, {D^}) is the union of not more than 

PWr(r-l)] 

(4.50) J] (JV„)« 

i=0 

0„-equivalence classes. 

According to Lemma 4.5, there is a fixed augmented (K , . . . , i^ t )-form 
F* = (F , 6 ,f, • • • , 9 t ,F) with F G O v [X, Y] such that F * °A F* for every 
F* G C*(c v ,{Vm})- That is, for every F* G C*(c v , {0m}) there is a matrix 
A G M£ s (£>„) such that F* = (Fq) a . By Lemma 4.1, there is an ideal c„ 
of O v such that [D(F Q )\ = t 2 vG Q Ko /\,v ■ ■ ■ ?>K t /k,v Let p v0 G Z> be defined by 
c v0 = p»> . Then by (4.48), (2.2), 

[D(F)]=p 2 v f> ^ Ko/Kv ...i> Kt/kiV 

= [det A] r ^[D(F )} = [detA] r ^pl Pvo d Ko/Kv . . .d Kt/Kv . 

Hence 

2(pt, - pvo) 



(4.51) [det A] = with u 



r(r — 1) 
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Choose II with p„ = [II]. The ideals of O v are of the shape p™ (m > 0) and 
#O v /p™ has cardinality (Nv) m . From these facts it can be deduced that 
every matrix A G M™(O v ) with (4.51) can be expressed as 



A = A i:j U with U G GL 2 (O v ), A 



n 



U u-i Q 

Pa n» 



where % G {0,1, ... ,u} and where (3n, . . . , fl i: ( Nv y is a full system of repre- 
sentatives for the residue classes of O v modulo p* . 

Now if F* G C*(c,{3fci}) then F* = (F*) A for some A G M™(O v ) 
with (4.51), hence F* = (F*) AijU % (F*) Aij for some i G {0,...,u}, 
j G {1, . . . , (Nv) 1 }. This implies that C*(c v , {dki}) is contained in the union 
of 

u 2(p v - Pv0 )/r(r-l) [2p v /r(r-l)} 

Ew= E E w 

i=0 i=0 i=0 

C„-equivalence classes. This proves Lemma 4.6. □ 

We now arrive at the main result of this section. We have formulated it 
both for augmented forms and for ordinary binary forms. 

Proposition 4.7. Let c be an ideal of 0$- Let r := Y^i=o\Ki : k] > 3. 

(i) Let C*(c) be a k- equivalence class of augmented (K , . . . , K t )- forms 
such that any two elements of C*(c) are k-equivalent and such that every 
F* = (F, V, • • • , M e C*(c) safe/ies 

(4.52) FeO s [x,y], 

(4.53) D(F) ■ O s = c 2 D Ko/K s ■ ■ ■ * Kt / K s ■ 
Then C*(c) is contained in the union of at most 

( \ 

(4-54) r |r(r _ 1} (c 2 ) Y, Ns ^ 

\t»i-c— i)| c / 

Os -equivalence classes. 

(ii) Let C(c) be a subset of T{Os, K , . . . , K t ) such that any two binary 
forms inC(c) are k-equivalent and such that every F G C(c) satisfies (4- 53). 
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Then C(t) is contained in the union of finitely many Os -equivalence classes, 
the number of which is bounded above by (4-54)- 

Proof, (i) For v £ S, let p v be the prime ideal of Os corresponding to v, i.e., 
p v = {xe O s 1}. Then c = Yl v ^ s p^ v with p v G Z> . According to 

Lemma 4.6, for each v G" S the collection C*(c) is contained in the union of 
at most 



2 

(9,,-equivalence classes. Lemma 3.2 implies that if A v is an (^-equivalence 
class of augmented (Kq, . . . , K t )-forms for v S, then r\ v gsA v is an Os- 
equivalence class. This implies that C*(c) is contained in the union of at 
most 

/ \ 

11^ = ^-1)^) E N s(*) 

Os-equivalence classes. This proves (i). 

(ii) Fix F G C(c). Extend F to an augmented (Kq, . . . , if t )-form F * = 
(F , 6 ,f , • • • , 6t,F t )- For every F G C(c), choose A G GL 2 (lf) such that F = 
(F )a and define F* := (-F *)a- Clearly, the augmented forms constructed 
in this manner are k-equivalent to one another. Now by applying (i) to the 
collection C*(c) := {F* : F G C(c)}, our assertion (ii) follows at once. □ 



5. Orders 

Below, k is a number field, and K is a finite extension of k of degree 
r > 3. We denote by £ i— > £W (i = 1, . . . , r) the k-isomorphic embeddings of 
X into some normal closure L of K over k. As before, S is a finite subset of 
M k containing all infinite places. Denote by O l ^ s the integral closure of O s 
in L. Given a±, . . . , a m , we denote by [ai, . . . , a m ] the fractional C^^-ideal 
generated by a±, . . . , a m . For / G £[Xl, . . . , X m ] denote by [/] the fractional 
0L ; s-ideal generated by the coefficients of /. Given fractional C^s-ideals 
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a, b we write jj for ab 1 where b 1 is the inverse fractional (9^5- ideal of b. 
For a finitely generated Cg-module M C K with 7^ (0) define 

(5.1) M.W): T" C J :i< M (l<i,j<r, i^j) 

to be the fractional O^^-ideal generated by all elements £W — £^0 (1 < 
J < r ? 27^ j) with £ G .M and 

(5.2) ®(M) := [I>K/k(wi, • • • , w r ) oji, . . . ,u r e M] 

to be the fractional O^^-ideal generated by all discriminants of all r-tuples 
uji , . . . , u r g M. . 

Let F* = (F, 9p) be an augmented i^-form. Suppose that F G -R[^, V] 
where R is some subring of k. Then the invariant order Of*,r of F* is 
defined to be the i?-submodule of K with basis oui, . . . ,ou r given by (2.4). 
By Simon [9], O f *,r is indeed an .R-order with quotient field K, 

(5.3) F* & G* 0^ = 0^ 

for any two augmented if-forms F*,G* (which is slightly stronger than 
(2.5)), and ^(wi, . . . , w r ) = D(F*). ER = O s we write F * i5 for £> F * ji? 
and if R = O v (local ring) we write O f * >v for O f * :R . Thus if i? = O s we 
have 

(5.4) ®(0 F ., s ) = D(F*)'O s . 

Lemma 5.1. Let F* = (F,9 F ) be an augmented K -form with F G y]. 

17} (0 _ /}(i)i 

(5.5) MM-w Jyi, (i<u<r,i*i), 

and 

(5.6) J] ^(^, 5 ) 2 = [F]^-^(0 F , tS ). 

l<i<j<r 

Proof. We first prove (5.5). Let i, j G {1, . . . , r}, i 7^ j. Write F = oqX t + 
a x X'- x Y + ■■■ + a r Y r . Then F = a Ul=i( x ~ d { F ] Y), and so by Gauss' 
Lemma, 

(5.7) [f] = N]]Mf]. 

k=l 
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Write 

r 

(5.8) [J (X - OPY) = B X r ~ 2 + BxX'-^Y + ■■■ + B r _ 2 Y r - 2 . 
k=i 

Then B — 1, and by Gauss' Lemma and (5.7), 

r 

(5.9) [B ,B 1 ,...,B r . 2 ] = l[[i,eP] = naoj-^efr^e^}- 1 . 

fc=l 

Let {u>i, . . . , u) r } be the basis of Op*, s given by (2.4). We first show that 

(5.10) u$ - uj(£ = a B m „ 2 (6f - of) for m = 2, . . . , r. 

Write b k := a k /a for k = 0, . . . ,r. Then ]1Li( X ~ 9 f )y ) = b o xr + 
hX^Y + ■■■ + b r Y r . and a^u m = J2T=o ^f""" 1 for m = 2, . . . , r. 
Assertion (5.10) is clear for m = 2. Let m > 3. We have (on putting 
B_ 2 = B_ x = 0) 

b k = B k - Bk-i(9f) + ef) + B h - 2 efef for & = o, . . . , r , 

and so 

m-2 

oo- 1 ^ - -a = e 6 * ((^ ) ) m - fe - 1 - {ofr-*- 1 ) 

fc=0 

m-2 

= E { B * ~ B ^ 9 f + °f) + • {(flW)™-*" 1 - {6 { ?T- k - 1 ) 

k=0 

m-2 

= E Cfe ^ fe ' 

where 

Cm _ 3 =^) 2 - ef - {ef + ef){ef - ef) = o , 

and, if m > 4, 
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for k — 0, . . . , m — 4. This implies (5.10). By combining (5.10), (5.9) we 
obtain 



Qij(0 F *,s) = [w 



W - J j) LU {i) - LU (j) 



[do] • [B ,Bi,..., B r - 2 ] ■ [O^f ~~ 
[F]- L " F 



\ef - of] 



which is (5.5). 

Now from (5.4), (2.1), (5.7), (5.5) we infer 

v(o F *, s )o L ,s = iD(F)] = K-* J] {of-e<p)*\ 

l<i<j<r 
( \f) (i) f) ij) ] ' 2 

= [F] -(.-1)0-2. Yl D y (<W, 

l<i<j<r 

which is (5.6). □ 



Lemma 5.2. Let F* = (F,6 F ), G* = (G,6 G ) be two augmented K-forms 
such that 

(5.11) F,GeO s [X,Y]; 

(5.12) O f * jS = O a *,s; 

(5.13) F*,G* are weakly k-equivalent. 

Then F* , G* are weakly O v -equivalent for every v £ S. 

Proof. Take v & S. By (5.13) there are A e GL 2 (k), A G k* such that 
G* = \F^. Since O v is a principal ideal domain, there are matrices U 1: U 2 £ 
GL 2 (Cg such that A = U l (^° d )U 2 with a,d e k*. Let F* := Ffa, G* : = 
G* _i . Then 

(5.14) p*~F*, G*~G*, 
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hence it suffices to show that F*, G* are weakly C„-equivalent. Write F* = 
(F,9 P ), G* = (G, 6q). Then G* = XF* Q . which means that 

IS d) 

(5.15) G(X, Y) = \F(aX, dY), Bq = -9p. 

(X 

Write F(X, Y) = a X r +a 1 X r - 1 Y + • • - + a r Y r . Then Op* v is an (^-module 
with basis 

i-2 

wi = 1, Ui = a i 6l F 1 ~ 1 = 2 ' • ' • ' r )' 

3=0 

By (5.15), G(X,Y) = Xa a r X r + \a 1 a r ' 1 dX r ~ 1 Y + --- + \a r d r Y r and „ 

is an (9„-module with basis 

»-2 /, \H-i 

^ = l, ^ = ^ \ aj a r - j d j I -Op) = Aa r - i+1 d i - 1 w i (i = 2, . . . , r). 

By (5.14), (5.12), (5.3) we have 0-* v = Oq* v . Therefore, the matrix 
relating . . . , u' r } to {u\, . . . , w r } is in GL 2 (O v ). That is, 

\a r ~ l d G 0* v , \a r - 2 d 2 G O*, . . . , Aarf^ 1 G C^, 

which implies d = au with -u G 0*. Further, Aa r = u -1 Aa r-1 d G C*. 
Inserting this into (5.15) we obtain 

G(X, Y) = XF(aX, auY) = Xa r F(X, uY), % = u6p, 

which implies that F*,G* are weakly (^-equivalent. This proves Lemma 
5.2. □ 



We now arrive at our final result: 
Proposition 5.3. Let C* be a collection of augmented K-forms such that 

(5.16) F G O s [X, Y] for every F* = (F, dp) G C*; 

(5.17) O f * :S = O g * :S for every pair F*, G* G C*; 

(5.18) the elements of C* are weakly k-equivalent to one onother. 

Then if r is odd, C* is contained in the union of at most r s Os-equivalence 
classes, while if r is even, C* is contained in the union of at most r s h 2 (Os) 
Os-equivalence classes. 
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Proof. Combine Lemmata 5.2 and 3.3. □ 



6. Proof of Theorem 2.1 

Let k, S be as in Section 2; thus #S = s. Let O be an (9s-order of 
degree r > 3 and denote by K its quotient field. Let F G Os[X, Y] be a 
binary form which is irreducible in k[X, Y] and such that Op,s — O (as 0$- 
algebras). Then there is a 9 F such that F(9 F , 1) = 0, K = k(9 F ) and such 
that u 1 ,...,u r given by (2.4) form an C 5 -basis of O. Thus, F* := (F, 6 F ) 
is an augmented if-form with = C- Now it is obvious that in order 

to prove Theorem 2.1 it suffices to prove the following: 

Proposition 6.1. Let #S = s, and let K be a finite extension ofk. of degree 
r > 3. Let O C K be an Og-order with quotient field K . Then the set of 
augmented K -forms F* = (F, 6 F ) with 

(6.1) FeO s [X,Y], 

(6.2) O f * = O 

is contained in the union of finitely many 0$ -equivalence classes, whose 
number is bounded above by 

(6.3) 2 24r3s ifr is odd; 2 2Ar * s h 2 {O s ) if r is even. 

For the moment we assume r > 4. The case r = 3 will be treated 
separately. Our main tool is a result of Beukers and Schlickewei on equations 
in two variables with unknowns from a multiplicative group of finite rank. 
Let O be a field of characteristic 0. We endow (f2*) 2 with coordinatewise 
multiplication * (#2,2/2) = (^1^2, 2/12/2); thus (fl*) 2 becomes a group 

with unit element (1,1). For (x,y) G (fi*) 2 , m G Z we write (x,y) m := 
(x m ,y m ). 

Lemma 6.2. Let (#i, 2/1), ...,(x n , y n ) G (VL*) 2 . Let 
T := {(x, y) G (Q*) 2 ■3meN,z 1 ,...,z n eZ 

with (x, y) m = (x u yi) Zl (x n , y n ) Zn }- 
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Then the equation 

(6.4) x + y = 1 in (x,y) G T 
has at most 2 8<n+1 ) solutions. 

Proof. See [1, Theorem 1]. □ 

Let O, K be as above. Choose a normal closure L of K over k and denote 
again by ^ t-^ £W (i — 1, . . . , r) the k-isomorphic embeddings of K into L. 
We recall that the cross ratio of a 1: a 2 , a 3 , a 4 G P : (L) is given by 

, R ,x r -i («i - a 2 )(«3 - «4) 

(6.5) {ai, a 2 ; «3, "4 := 7 77 r 

(ai — 0:3 j {a 2 — «4j 

(with the usual adaptations if one of a±, . . . , a± is 00 or if cti, . . . , «4 are not 
all distinct). As is well-known, cross ratios are invariant under projective 
t r ansf or mat ions . 

For an augmented if-form F* = (F,6 F ) with (6.1), (6.2) we define the 
tuple of all cross ratios of 9 F \ . . . , 6p\ 

(6.6) A(F*) := {{6f,ef-e { p\e^} : 1 <i,j,k,l <r; i,j,k,l distinct). 

Lemma 6.3. If F* runs through the collection of augmented K -forms with 
(6.1), (6.2), then A(F*) runs through a collection of cardinality at most 

(6.7) 2 24 ( r3_r2 ) s . 

Proof. Let F* = (F,9 F ) be an augmented K-form with (6.1), (6.2). Let 
i, j, k, I G {1, . . . , r} be distinct. We have 

0°J l y F ' ^F ' F ' F J ' l U F > " F ' F ' F J ~ X - 

Write (6.8) as x + y = 1. We want to apply Lemma 6.2 to (6.8) and to 
this end we have to find a suitable group Y independent of F* such that 
(x,y) e r. 

Fix #0 with k(# ) = K. For each two-element subset {i,j} of {1, . . . ,r} 
define the field 

:=k(^ i) +^' ) ,^ ) ^' ) ). 

Thus, if P[X,Y) G k[X,Y] is a symmetric polynomial, then P(£ w ,£ (j) ) G 
f or every £ e K. Further, [K^ : k] < Q. Let denote the 
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rank of 0* K{xj} s , i.e., the unit group of the integral closure of Os in K^'fi. 
Then t({i,j}) is equal to the number of places of K^'^ lying above the 
places in S, minus 1. That is, 

(6.9) t({i,j}) < [KM : k]s - 1 < Qs - 1. 

There are e\ z '^ , . . . i £ t({/j}) e ^kuj} s suc ^ ^at ever y element of 0* K{ij} s 
can be expressed uniquely as 

*({«}) 

(6.10) c n ( e s j} ) wm 

m=l 

where £ G If is a root of unity and w m G Z for m = 1, . . . , £({«, j}). 

Let /i be the least common multiple of the following integers: the class 
number of K\ the class number of K^ 1 ^ for each two-element subset {i,j} 
of {1, . . . , r}; and the number of roots of unity in K^ 1 '^ for each two-element 
subset {i,j} of {1, ... , r}. 

We raise the identity (5.5) to the power 2h to obtain something useful. 
Let i,j G {l,...,r}, j ^ j. First we have an identity of fractional Ok,s~ 
ideals 

(6.11) [l,e F ] 2h = [a F ] with a F eK* 

since 2h is a multiple of the class number of K. Further, (Of) — 0^)) 2h G 
K^. The ideal Dij(0 F * jS ) 2 is generated by elements (£ w - £ ij) ) 2 (f G 
F * t s) which belong to K^'^. By (5.6) the (9,s-ideal [F] generated by the 
coefficients of F depends only on O f *,Si hence by (6.2) on O. Therefore we 
have an identity of fractional K {i,j} s -ideals 

(6.12) ([F]-% J (0 F *, s )) 2h = [Pij] with G (K^yy, 

where depends only on O. So in particular, is independent of F*. 
Lastly, afa ( f G . Now (5.5), (6.11), (6.12) yield an identity of frac- 
tional C^ {l , 3}jS -ideals [Of - 0f] 2h = [afafPij], that is, (Of - 0f) 2h = 
a.® atp* PijTjij with rjij G 0* R{l j} g . We can express 77^ as in (6.10). By raising 
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again to the power h, we can cancel the root of unity, and obtain 

t({i,j}) 

(6.13) {6f - 6f) 2h2 = {afaf^f \{ (e^) w - with w m G Z. 

m=l 

Taking any distinct i, j, k, I G {1, . . . , r}, and writing again (6.8) as x+y = 1, 
it follows that 



f - of){9f - ef) {of - of){of - ef) 



2h 2 



h 



flikPjl ' PikPjl, 

where (771,772) is a product of powers of 

(e£»l) (l<m<t({i,j})); (e^.l) (1 < m < t({k, /})); 

(l<m<t({i,m (Mfi"* } ) (l<m<t({j,k})); 
(4' fe} ,4' fe} ) (l<m< «({<,*})); (eg'^eg*) (1 < m < t({j, I})). 
It is important to notice that the terms cancelled. 
Thus, in view of (6.9), (x,y) 2h/2 is a product of powers of 

j}) +t({k,i}) +t({i,i}) +t({j,k}) + n{i, k}) + t({j, o) 

- i+6 (0' _i ) =8 G)'~ 5 

terms which are independent of F*. 

Now applying Lemma 6.2 to (6.8) yields that (x,y), and so in particular 
x = {0p\ 0p); 6p\ 6^}, belongs to a set independent of F* of cardinality at 
most 

(6.14) 2 8{6(;).-5+l} = 2 48(;).-32 _ 

We claim that the tuple A(F*) of all cross ratios is determined uniquely 
by the subtuple 

(6.15) A(F*) := {{6p\oP;6p\6j?} : Z = 4,...,r). 

Indeed, let (T) be the unique projective transformation of P 1 , mapping 
9p\0p\0p^ to l,oo,0, respectively. Since (T) does not alter cross ratios, 
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for / = 4, . . . , r the image of 9 F ] under (T) is Of- 9^,9^}. But then 
it follows that {9p\ 9$; 9p \ 9$} is equal to the cross ratio of the i-th, j-th, 
fc-th, Z-th point among 1, oo, 0, {9$\ Of-jf, Of}, {9^,9^; 6$\ 9^}. 

So by (6.14) the total number of possibilities for A(F*), and hence that 
for A(F*) is at most 

2(48(^)s-32) (r- 3) < 2 24(r 3 -r 2 )s 

This proves Lemma 6.3. □ 



Lemma 6.4. Let F* = (F,9 F ), G* = (G,9 G ) be two augmented K-forms 
of degree r > 3 with (6.1), (6.2). 

(i) If r = 3 then F*,G* are weakly k- equivalent. 

(ii) If r > 4 and moreover, 

(6.16) A(F*) — A(G*), 

then F*,G* are weakly k- equivalent. 

Proof. If r > 4 then by (6.16), {Of ,0f;0P ,6%) = {9^,9^; 9^,9^} 
for each distinct i,j, k,l G {1, . . . , r}. This implies that there is a unique 
projective transformation (T) : P X (L) -> F\L) with (T){9 i F ) ) = 6§ for 
« = 1, . . . , r. If r = 3 then we simply use that there is a unique projective 
transformation (T) : P 1 -> P 1 defined over Q with (T){9 F ) ) = 9% for 
i = 1,2,3. 

In other words, both for r = 3 and r > 4 there is an up to a scalar factor 
unique matrix T = ("^) e GL 2 (L) such that 



(6.17) $ = !<^fai=l,...,r. 



We choose the first non-zero element among a, b, c, d equal to 1 so that T 
is uniquely determined. Then for every r G Gal(L/k), the matrix r(T) = 
( t(c) r(cQ ) a ^ so sa ^isfies (6.17) since r permutes both sequences 9p \ . . . , 6^ 
and 6?^ \---, 9(p in the same manner. Hence r(T) = T for every r G 
Gal(L/k) which implies T G GL 2 (k). 
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Write F = a F Ul=i( x - d F Y )> G = a G Ul=i( x - 6 g Y ) with a F, «g e k*. 
Thus, 

G --°4 (x - a M Y \ 

=a G a~ F l | f[(c9f + d) | F(dX - 6Y, -cX + aF) 

=a G a^ | fj(c0^ + d) | {ad - bc) r F T -i (X, Y) = XF T -i (X, Y) 

with A G k*, T G GL 2 (k), and G = (T){6 F ). This implies that F*, G* are 
weakly k-equivalent. □ 



Proof of Proposition 6.1. Let r > 3. Put h(r,Os) := 1 if r is odd, and 
h(r, Os) ■— h 2 (Os) if r is even. By Lemmata 6.3 and 6.4, the collection of 
augmented if-forms F* = (F, 9 F ) with (6.1), (6.2) is contained in the union 
of at most 2 24(r ~ r ^ s weak k-equivalence classes. Together with Proposition 
5.3 this implies that the collection of augmented X-forms with (6.1), (6.2) 
is contained in the union of at most 

2 24(r3- r 2) s . r s h ^ ^ < 2 Mr3s h(r, Os) 

(^-equivalence classes. This proves Proposition 6.1. □ 



7. Proof of Theorem 2.2 

We keep the notation from Section 2. Thus k is a number field and S is 
a finite subset of of cardinality s containing all infinite places. Let K 
be an extension of k of degree r > 3. Let c 7^ (0) be an ideal of Os and let 
S' = S U {v (£ S : \x\ v < 1 for every x G c}. Notice that if F G F(O s , K) 
satisfies (2.9), then 

D{F) ■ S < = <*K/k,S' ■ 

So by (2.6), the C^-order associated with F is Op,s' = O k> s' (the integral 
closure of Os> in K). On applying Theorem 2.1 with S' in place of S and 
with O = Ok,s' we infer that the set of binary forms F G F{Os, K) with 
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(2.9) is contained in finitely many (^/-equivalence classes, whose number is 
at most 

2 2^#S> = 2 24,3( S+Ws(c) ) ifr isodd; 

(7.1) 

2 24rS * s 'h 2 (O s >) < 2 24r ^ s+ ^h 2 (O s ) if r is even, 

where we have used #S" = s + u s (c) and the obvious inequality h 2 (Os>) < 
h 2 (O s ). 

In particular, the binary forms F G JF((9 S , K) with (2.9) lie in finitely 
many Ik-equivalence classes, whose number is bounded above by (7.1). By 
multiplying this quantity with the upper bound (4.54) from Proposition 
(4.7), (ii) we obtain an upper bound for the number of (^-equivalence 
classes of binary forms under consideration which is precisely the upper 
bound from Theorem 2.2. This completes our proof. □ 

8. Proof of Theorem 2.3 

To prove Theorem 2.3, we need a further Proposition on resultant equa- 
tions which can be regarded as a quantitative version of Lemma 1 of Evertse 
and Gyory [6]. 

For the moment, let K Q , K 1 be two (not necessarily distinct) extensions of 
k of degrees r , r 1; respectively, such that r > 3. Let L be a normal closure 
over k of the compositum of K ,Ki. Below, by [ai, . . . , a m ] we will denote 
the fractional C^s-ideal generated by a±, . . . , a m , and by [/] the fractional 
C^.s-ideal generated by the coefficients of a given polynomial /. 

Using the notation of Theorems 2.2 and 2.3, fix a binary form Fq e 
FiOs, K Q ), and consider the binary forms F\ G FiOs, K\). 

Proposition 8.1. Up to multiplication by S -units, there are at most 

224roris 

binary forms Fi G F{Os, Ki) which satisfy 
(8.1) R{F Q ,F x )eO%. 

Proof. Take Fi G ^(OsjKi) with (8.1). By assumption, for i — 0, 1 we 
have that Fj G Os[X, Y], Fi is irreducible over k, and there is a Qi satisfying 
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F(6 h 1) = and k(^) = K t . We can write 

n 

F i {X,Y) = a i \[{X-9? ) Y) (i = 0,l), 
k=i 

where a, G k*, and where 6f \ . . . ,9f^ are the conjugates of 9i in L, for 
i — 0,1. By Gauss' Lemma we have 

(8.2) [^[F^WniMf] (i = 0,l). 

fc=i 

Using (8.1) and expression (4.3) for the resultant, we get 

ro ri 

fc=i ;=i 

In combination with the obvious inclusions [9^ — 9®] C [1, 0q^][1, this 
gives 

(8.3) - 0?] = [1, 0<*>] [1, 0«] for fc = 1, . . . , r , / = 1, . . . , r x . 

Meanwhile, we have shown also that the inclusions in (8.2) are equalities, 
i.e., 

(8.4) [^] = MnM fe) ] = [l] (< = 0,1). 

k=\ 

We proceed similarly as in the proof of Lemma 6.3. Define the fields 
Kn := k(#o^,0i) = K^Ki (i — 1, . . . ,r ). Denote by h the least common 
multiple of the class numbers of K Q , Ki, Ku, . . . , K r0i i and of the numbers 
of roots of unity of Ku, . . . , K nu \. By our choice of h, there are ao G Kq 
such that [l,9 } h = [a ], and «i G K* such that = Then by 

(8.3), 

[^-^ = [aW]K] for i = l,...,r„, 

that is 

(0< o - ft)* = afW 
where G 5 (i-e., the unit group of the integral closure of 0$ in K a ). 
Let en, . . . ,e iSi be a system of fundamental units of 0* K ^ S . Then rji is a 
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product of a root of unity in K a and of powers of en, . . . ,e iSi and so, by 
our choice of h, 

(V Q - t^j _ [a ) a ± e n . ..e is . 

with w a ,.. .,w iSi G Z. 

Pick distinct subscripts k G {1, . . . , r } and consider the identity 

(oP-o?) (i k) - gp - 4 k) ) (ol -Qi) _ 1 

(eP-OJ (9^-9^) (oP-oj 
This can be written as x + y = 1, where 

q=l q=l q=l 

with 




Notice that 

«i < ([Kn : k]s) - 1 < r ris - 1 

and similarly for Sj and St- So, by Lemma 6.2 the number of possibilities 
for (x, y) is at most 

28(si+Sj+s k +l)+8 ^ 2 24r o'"i s 

This gives at most 2 24r ° ris possibilities for 6\. But, by (8.4), the ideal [a±\ is 
uniquely determined once 9\ is uniquely determined and moreover, oi 6 k*. 
So a x is uniquely determined up to a factor from 0* s . We infer that up 
to multiplication by some factor from 0* s , for Fi there are at most 2 24r ° riS 
possibilities. □ 

Proof of Theorem 2.3. Let K , K±, . . . , K t be (not necessarily distinct) ex- 
tensions of k of degrees r , r±, . . . , r t , respectively, such that r > 3. Let 
F E F{O s , K , . . . , K t ) be a binary form with the property (2.11). There 
are binary forms F , . . . ,F t with F — F - • ■ F t and with Fj G T{Os, Ki) for 
% — 0, . . . , t. So in particular, Fj G [X, F] for « = 0, . . . , t. Let S' denote 
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the union of S and the places v S such that \x\ v < 1 for every x G c. 
Then 

D(F) ■ S > = $K /k,S' ■ ■ ■ $K t /k,S' ■ 

Now by expressing D(F) as in (4.4), and using R(F u Fj) G O s > (0 < % < 
j < t) and the inclusions 

DiFt) ■ O s , C D Ki/kiS > (i = 0,...,f) 

(which follow from (ii) of Lemma 4.1), we obtain 

(8.5) L>(F ) • O s . = XfK /^s' , 

(8.6) R(F ,F t )eO* s , (i = 0,...,t). 

We apply now Theorem 2.2 to (8.5) with S replaced by S'; we obtain 
that F is contained in the union of at most 

(8.7) 2 24r o(# 5 ')/i(r , O s >) < 2 24r ^ s +^)) h (r , O s ) 

(^'-equivalence classes. Here we have used that = s + ^s(c)) and 

h(r ,O s >) < h(r ,O s ). 

Fix one of these (^'-equivalence classes, and pick from this class a rep- 
resentative F G !F(Os,Kq) with (8.5). Consider all tuples (F 1: ...,F t ) of 
binary forms with Fj G F{Os-, -fQ) for % — 1, . . . , t and with (8.6). Proposi- 
tion 8.1 gives that for given F there are, up to S"-unit factors, at most 

224ro(ri+-+r t )(s+ws(0) 

such tuples (Fi, . . . , F t ). 

Combining this with the upper bound (8.7) for the number of C^'-equiv- 
alence classes of binary forms Fq G ^{Os-, Kq) with (8.5), we infer that up 
to Os> -equivalence, and up to an C^-unit factor, there are at most 

224rg(s+w s (c))^/ ro g\ . 2 2 4r (ri+---+r t )(s+aJ5(c)) 

( Q Q\ 

binary forms F = F ■ ■ ■ F t G F(O s , K Q , . . . , K t ) with (2.11). That is, there 
are binary forms G±, . . . , G rn G J-{Os, K , . . . , if t ), with m bounded above 
by the quantity in (8.8), such that every binary form F G F{Os-, K , . . . , K t ) 
with (2.11) is Os> -equivalent to eGi for some i G {1, . . . , m} and e G 
But e can be written in the form e™ 1 ■ ■ ■ £™, s 'r) r , where s' = #S" = s + us(t), 
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Ei, ... , e s i are generators of 0* s ,, w±, . . . , w s / G {0, . . . , r — 1} and rj G 0* s ,. 
Since G; L is Cg/ -equivalent to rfGi = (Gi)/ V o), we have in fact that every 

binary form F under consideration is Os> -equivalent to e^ 1 ■ ■ -e^/Gi, with 
Wi, . . . , w s i G {0, . . . , r — 1} and with i G {1, . . . , to}. Assuming as we may 
in view of Theorem 2.2 that r\ + • • • + r t > 1, it follows that the binary 
forms F G ^"(Os, K , . . . , X t ) with (2.11) lie in at most 

(r • 2 24 -o(-o 2 +n + -+n) ) (S+ " s(c)) /,( r0) 0s ) 

<(r.2^-)^-) 2 ^) (S+ ^ (C \(r 0) ^) 

and so in at most 

(8.9) 2 24r3(s+ " s(c)) /i(r ,e> 5 ) 

^^-equivalence classes. 

By (ii) of Proposition 4.7, the binary forms F G J-{Og, K , . . . , X t ) with 
(2.11) lie in finitely many O^-equivalence classes whose product is bounded 
above by the product of (8.9) and of (4.54). Since this is precisely the bound 
of Theorem 2.3, this completes our proof. □ 



9. Lower bounds 

We present some examples, showing that the results mentioned in Section 
2 are in certain respects close to best possible. 

First let K be a finite extension of k of even degree r > 4. Let S be a finite 
subset of M k such that S contains all infinite places. We show that there are 
infinitely many C^-orders O with quotient field K, such that the collection 
of augmented K-forms F* = {F,6 F ) with F G O s [X,Y] and O f *,s = O 
cannot be contained in fewer than h 2 (Os) Os-equivalence classes. Since 
each binary form F G F{0 S) K) gives rise to at most r augmented in- 
forms F* = (F,9 F ), it follows that the set of forms F G F{O s ,K) with 
Of,s — O cannot be contained in fewer than r _1 /i 2 (C ) s) (^-equivalence 
classes. This shows that the factor h 2 (O s ) in the upper bound of Theorem 
2.1 is necessary. 
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Pick any augmented if -form F* = (F,6 F ) with F E O s [X,Y]. Let a be 
any ideal of Os such that a 2 is principal. The ideal a can be generated by 
two elements, a = say. Let a 2 = [A]. Then there are £,77 E such 

that £a 2 — i](3 2 = A. Define 



We first show that F* = (F a ,6 Fa ) with F a E O s [X,Y], and O f *, s = 
F * y s- Pick v £ S. Then there is /i E O v such that in O v we have the 
identity of ideals [a, (3} = \p\. We now get 



F a = \- r ' 2 F(aX + (3Y, V (3X + £aY) = \- r/2 fi r F(-X + — Y, ^-X + —Y). 
Since [p 2 ] = [A] in O v we have \~ r / 2 fi r E 0* v . Further, 



Hence F*, F* are weakly ^-equivalent. This implies F a E O v [X, Y\. Fur- 
ther by (5.3), O f * jV = F * tV where F * tV ,0 F * tV are the localizations at v 
of O f * iS ,O f * iS - This holds for every v S. Hence F a e O s [X,Y] and 



We now show that if di, a 2 are two ideals of Os such that a\, a 2 , are prin- 
cipal and 01, a 2 do not belong to the same ideal class, then the augmented 
if-forms F* X ,F* 2 constructed above are not Os-equivalent. Thus, the col- 
lection of augmented if-forms F* such that a is an ideal of Os for which 
a 2 is principal cannot be contained in fewer than h 2 (Os) (^-equivalence 
classes. 

For i — 1,2 let dj = [cti, A] be an ideal of Os, suppose that a 2 = [Aj] is 
principal, and choose £i,r)i E Os such that ^a 2 — r]if3 2 = A, for i — 1,2. 



Define F* := Af /2 F? a% , (i = 1,2). Suppose that F^ = (F a *> for 



some U E GL 2 (C?s). Then by (ii) of Lemma 3.1, there is p E k* such that 



(AA) = P(*3k&iP> and ^ = (^1^2 1 ) r/2 - Hence [pf = (a^ 1 )" 



which implies Oi = pa 2 . So Oi,a 2 lie in the same ideal class. This proves 
our assertion. 



F* := \- r/2 F* ( 





Cf*,s = F * t s- 
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Now let (K , . . . , K t ) be a sequence of finite extensions of k such that 
Yll=o[Ki : k] =: r > 3. We show that there are infinitely many ideals c of 
Os such that the collection of binary forms TiOs-, Kq, . . . , K t ) with (2.11) 
cannot be contained in fewer than C x Ns(c) 2 ^ r ^ r ~^ (^-equivalence classes, 
where C is some positive constant. 

Fix F G ^{Os-i K , . . . , K t ) with D(F) ^ 0. Extend this to an augmented 
(K , K t )-iorm F* = (F, 9 0>p , t j). Let a G O s , a ^ 0. For (3 G Os 
define 

f; := f* (1 ^ = (Fp, e ^, e t ^) with f p = f(x + py, aY). 

VO a) 

Now if Pi, (3 2 G are such that F^,F^ 2 are C 5 -equivalent, then = 

vo a ) 

F*^ for some matrix U G GL 2 ((9s). According to Lemma 3.1, (ii), this 

V a ' 

implies ( I & y 1 ( I ^ ) G GL 2 (C S ) and therefore, (A - (3 2 )/a G £> 5 . 

Consequently, the augmented (K Q , • • • , i*Q)-forms Fp (f3 G Os) cannot 
be contained in the union of fewer than #Os/[a] = N s (a) O^-equivalence 
classes. 

Notice that Fp G T(O s , K , . . . , K t ) for (3 G O s . By (ii) of Lemma 4.1, 
there is an ideal c of Os such that [D(F)] = cfaxo/is^s ■ ■ ■ 3 K t /k,s- Put 
c : = a^-^Co. Then by (2.2), Fp satisfies (2.11) with this c. 

Since there at most r t+1 different augmented forms Fp coming from the 
same binary form Fp, it follows that for each ideal c as constructed above, 
the set of binary forms F G F{Os-, K , . . . , K t ) with (2.11) cannot be con- 
tained in the union of fewer than 

r^^Nsia) = r^ 1 A"s(c ) F ^A r 5(c) 7 ^ rT ) =: C x Ns(c) 7 ^ 

(^-equivalence classes. 
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